OSCILLATIONS OF AN ICE SHEET UNDER A PERIODICALLY VARYING LOAD
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Interest in ice sheet dynamics has been stimulated by its many practical applications.
Among these are probiems of increasing the efficiency of the relatively recently discovered
resonant method of ice-breaking using air cushion vesseils (ACV's) [1].

The factors affecting flexure-gravitation wave (FGW) parameters, and thus, the ice-
breaking ability of an ACV for uniform rectilinear motion of the latter were considered in
[2]. As large scale model and field experiments with ACV's have shown, the capabilities of
the resonant method can be improved. If the dimensions of the body of water or the vessel
parameters do not permit excitation of waves of sufficient intensity to destroy the ice during
uniform rectilinear motion, the ice cover can be broken by an additional dynamic load produced
by periodic change of the pressure in the air cushion. The vertical oscillations of the
vessel produced in this manner at some resonant frequency w lead to excitation of a flexure-
gravitation wave which destroys the ice over a significant area. The character of the ice

damage is shown in Figure 1.

This present work' will study the dependence of the stress-deformed state of the ice sheet
upon propagation of waves stemming from a periodically varying load with rectangular form.
The problem of ice sheet oscillations due to action of different types of loads has been
studied in many works. Results of a study of transient osciilations of an ice sheet, treated
as an elastic plate, under the action of moving harmonically varying pressure were presented
in {3]. In [4] the process of development of transient flexure-gravitation waves produced by
impulsive disturbances caused by displacement of the bottom of the basin were studied. The
solution of the planar problem of the effect of periodic disturbances on oscillations of
elastic ice with and without consideration of drift were obtained in [5, 6].

Analysis of known experimental-theoretical studies of plate dynamics on an elastic base
indicate how well this probiem has been studied. However the question of calculating the
stress-deformed state of an ice sheet under conditions of fiexure-gravitation resonance re-
mains unconsidered. The present study will attempt to solve this problem.

i. Formuiation of the Probiem and Theoretical Solution. Numerous experiments have shown
that in ice sheet loading by resonant flexure gravitation waves the ice manifests viscoelastic
properties. Therefore in solving the problem both the plastic and elastic properties of the
ice will be considered.

The maximum frequency of ACV vertical osciilation which can be realized in practice is
much less than the quantity Z2c/h {where c is the speed of transverse elastic waves in the ice
sheet and h is the ice thickness), permitting use of the theory of inflection of thin plates
{6]. Transient flexure-gravitation oscillations of the ice sheet for forced vertical harmonic
oscillations of the vessel will be studied in the linear formulation. The ice will be con-
sidered a viscoelastic plate of infinite extent, the behavior of which is described by the
Kelvin—Foight model.

The differential equation for infiection of the ice sheet has the form

a\ 4, 0w o0 _ , f1 9
D(1+T5?)V“’"‘plh‘(gt—z“'@za“tz:o—f(x’b‘t)* {1.1)

where D = Gh3®/3 is the cylindrical strength of the plate; G is the modulus of elasticity for
shear; T is the deformation relaxation time; w is the deflection of the ice; p;, p, are the
densities of ice and water respectively; f(x, vy, z) is the load distributed over the ice
surface; x, y, 2z is a Cartesian coordinate system with z axis directed vertically upward; ¢
is the potential of liquid motion velocity, satisfying the equation
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.2) are Eq. (1.1) and the equality

=

The boundary conditions for Eq. (
ow/ot = 0D/02|,eg, 0D/02]1e o
{H = const = water depth). The initial conditions &(x, y, z, 0) = 0, w(x, y, 0) = 0 express
the absence of disturbances in the ice—water system.

Since the solution for an arbitrary load can be obtained by superposition, we will first
consider the action of a concentrated load

flx, y. t) = P8z, y)8(?).

Here P = Pjexp({iwt); P, = const; §{(x, y) is a delta function; 6{t) is a Heaviside function:
Ji,t>0.

80 =10, 1 <0,

o is the circular frequency of the forced oscillations.

The solution of Eq. (i.2) with consideration of boundary conditions for plate deflections
and the velocity potential can be written in the form

P, ¢ 7
wir, y. t)= ———'—’7 j 5 Wy (t) exp [— i (Ax + uy)] dh dn,
(2m) oY
PO -] -] .
D,y t)= o} %‘ j‘ Dyq (1) ch [(H + 2) k] exp [— i(Az + ny)] dA dn.

The deita function is represented here as an integral

o oo

Y j‘ exp|— i{Az + ny)|{ didy.

—00 ——00

8(z, y) =

(27)°

According to Eq. (1.1) the functions wkq(t) satisfy the equation

I

o+ )z’i-;u,, + DTy + (DR + 0,8) g = exp (pt) 0 (8)
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and the initial conditions Wkn(u) = wxn(ﬁ) = 0, where k = VA% + n?, p = iw. From the boundary
conditions we also have

[ -
©on (0 = o e

which can be used to determine &(x, y, t).
The solution of Eq. (1.3) can be found by the operation method. We denote by w),(p) the

-

Laplace transform of the function Wkn(t)‘

o

L(wxnU»::,YGXP(*—;t)wxnU)dt==Exn(5)
o

We then obtain

Liexp (p1)0(1) = 1(p — i0), L(w,y(t)) = posn(P), L(wan(t)) = Phwin(p);
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wnP) = e
(n = 1/(0h +p,/(k thkH)), 1= Dtk*n, m = (Dk*+ p.g)n).
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Using inversion formulas with Eq. .4) for t > 0 we find

I
Ll

_ (If:2 - p) exp (klt) —_— (k1 — p) exp (lcet) -+~ (lc1 — k2) exp (pt)
win (t) =n (k, — k) (P* + Ip+ m)

(h==+ YT k=== Y (E =)

ow let the load distributed over the area {i of the plane x, y have the form

fz, y, 1) = rq(z, y) exp (pt)0(1).

is the "amplitude" factor,

Here r > 0 g{x, y) is the intensity of the load, related to the
vessel weight by the expression

0= fgf lg (=, y)|dx dy.
Then

o) = rsRen [ fo 0 deaz x

o~
(Y
i

-

x | Ywm (@) exp{—i[A(z— &) + nly— DI} drdn.

Assuming that q(x, y) = const, while the load is distributed over the area of a rec-
tangle @ with sides 2a, 2b {(~a < x < a, =b <y < b), from Eq

{1.3) we obtain
o oC

we, ) = GReal | [ SHEEZ 0, 0 oxpl— i (b2 + ny)) dhdn,

From the known deflection w we determine the maximum stresses produced from the expres-
sions

M, 6M, 6M

GEESE VT SE T T
h M D(i a) Po o nZu) - D(i a) oo 2w ). M, =D(
where  Ma=—D(t+vg) (T5+usz)i M i) (o e Ma=DU=mll

a) dw P _ - - o .
T 5;@;; 1 is the Poisson coefficient for the ice.
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The deflection of the ice sheet w and the bending moments My, My, Mxy’ can be represented
as the sums of two terms, the first of which is the result of the forced system oscillations
only, while the second is a transient which decays with time:

w = B(4; exp (pt) + A,), M. = BD(4; exp (pt) + A,),
My = BD(4; exp (pt) + 4y), My, = BD(1 — p)(4; exp (p) + 4).

; Apzfyammhwwnwﬂdm i=1,2...,8 ¢, = n sin Aa sinnb
0o P+ipt+m Ao

C, = ,Tf;-f [(ky — p) exp (kyt) — (ky — p) exp (k)] For by == ky;
Cy = Cyl(ky — p)t — 1) exp (ky8) for &y = ky;
Cy = (M + w1 4 )Cs C; = (A 4 pn?)(Cy + 1C);
Cy = (* + WA + )0y Co = (02 + pAY(C; + 10
C,={+1p)C;Mtigrztgny, Co = (Cy+ rc;z)kn tg Az tg my.

We note that the transient processes for free system oscillations, i.e., for f = 0, are

aiso defined by the roots k, and k,. This process is of a decaying oscillatory character
for

favi=m — (—;—)> 0

~~
[y
.
(@3}

g

(ve is the frequency of free system oscillation).

2. Results. The expressions presented above were used to calculate the stress-deformed
state of an ice sheet for various frequencies v of forced oscillation and time 7.

Calcula-
tions were performed for u = 0.33, h = 0.5 m, H=5m, p; = 900 kg/m®, a = 10 m, p, = 1000
kg/m®, G = 2-10° Pa, b=5m, q = —2000 Pa, r = 1, 1 = 10 sec.- As the characteristic deflec-
tion the static value w, = 0.044 m was chosen at x = y = 0, with a characteristic stress o, =

16% Pa.
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Figure 2 shows results of calculations of w = w/w;, og = Ox/0, and oy = Gyfﬁo at the

po = y = 0 for sudden load application (v = §). Such ice sheet loading is characterized
by significant {(up to 307%) growth in stress and gradual increase in ice deflection., Stab-
ilization of the process occurs over a time approximately equal te the relaxation time T.

Caiculations show that the stress-deformed state of the ice sheet depends significantly
on t, i.e., the parameter characterizing the viscous properties of the ice. Different 1
values lead to a qualitative change in the character of deformation, as well as differences
in the quantitative resonant frequency values {Fig. 3). BHowever, as follows from processing
of recordings of damping ice sheet oscillations {7], the value of 1 for natural ice is quite
stable and lies in the range 10-15 sec. Therefore the most probable resonant frequency for
the calculated ice configuration vp = 0.05 sec™. This value practically coincides with the
resonant frequency of a flexure-gravitation wave excited by a load moving over the ice. The
maximum stresses and deformations of the ice sheet correspond to forced oscillation frequen-
cies in the range of ice—water system free oscillations defined by Eq. (i.6).

The development of the process of exit to a regime of forced ice oscillations about the
static equilibrium position of the water—ice—load system is shown in Fig. 4 for v = 0.1 and
0.05 sec™® (solid line and dashes). As follows from the calculations, the transient process

21

decays over approximately two forced oscilliation periods.

The decay of the wave as a function of distance from the center of load application for
05 sec™! is shown in Fig. 3 (a, along the x axis, b, along the y axis).
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The present study will permit development of practical recommendations for carrying out
ice-breaking tasks by the resonant method realized with an air cushion vessel or other perio-
dically varying load.

LITERATURE CITED

i. V. A. Zuev and V. M. Kozin, Use of Air-Cushion Vessels for Ice Breaking [in Russiani,
Dal'nevostochn. Univ., Vladivostok (1988).

2. V. M. Kozin, "Model studies of the deformation field within an ice field produced by a
load moving thereon,'" Dep. TsNII Rumb., Oct. 1, 1985, No. DR-2313.

3. A. E. Bukatov and L. V. Cherkesov, "Transient oscillations of an ice sheet produced by

o

periodically varying pressure,” in: Marine Hydrophysical Studies, No. 2 (44) [in Rus-
sian], Akad. Nauk Ukr. S3R, Sevastopol' (1969).

4, A. E. Bukatov and A. A. Yaroshenko, "Transient flexure-gravitation waves from impulsive
disturbances under ice cover conditions," in: Theoretical and Experimental Studies of
Surface and Internal Waves, No. 12 [in Russian], Akad. Nauk Ukr. S5R, Kiev (1980).

5. A. E. Bukatov and L. V. Cherkesov, "Transient oscillations of an ice sheet drifting in
an inhomogeneous sea, produced by periodic disturbances," Tr. AANII, 357, (1979).

6. D. E. Kheisin, "Dynamics of ice sheets,” in: Hydrometrology (1967}.

7. V. M. Kozin, "Relaxation properties of an ice sheet," Dep. VINITI, Oct. 21, 1982, No.

5890-982.

750



